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Abstract
It is known that the homological obstruction to the existence of a fold mapping from an orientable
closed 4-manifold intoR3 vanishes. Nevertheless some 4-manifolds do not admit a fold mapping into
R3. For example, O. Saeki proved that there is no fold mapping of the standard complex projective
plane CP 2 into R3. In the paper we give an elementary proof of this fact.
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1. Introduction
It is known that a smooth mapping of an orientable closed 4-manifold into R3 in
general position can have only fold, cusp and swallowtail singularities [2]. In this paper
we consider the question ‘Given a general position mapping does there exist a homotopy
eliminating all singularities except the fold points?’ The answer to the question about the
0-dimensional singularities, that are swallowtail singularities, is positive (Ando [1]). As
regards the cusp singularities Thom [6] has proved that the homological partial obstruction
to their elimination vanishes. Nevertheless some 4-dimensional manifolds do not admit
mappings without cusp singularities.
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Theorem 1 (by O. Saeki). The standard complex projective plane CP 2 does not admit a
fold mapping into R3.
The proof of this theorem given by Saeki [5] is based on the Rohlin Theorem about the
signature of a 4-dimensional manifold. The aim of the paper is to give an elementary proof
of the Saeki Theorem.
2. Proof of Theorem 1
Let M4 be an oriented simply connected closed 4-manifold. Let us assume that there
exists a fold mapping f :M4 →R3. Denote the fold singular submanifold (surface) by S1.
This submanifold is decomposed into the union of the surface S+1 of definite fold points
and the surface S−1 of indefinite fold points. It is known [3], that
χ
(
M4
)= χ(S+1
)− χ(S−1
)
,
where χ is the Euler characteristic. Therefore
χ
(
M4
)≡ χ(S−1
)
(mod 2),
since the image of f |S+1 is an immersed co-oriented surface in R
3
. Note that if M4 =CP 2,
then χ(S−1 )≡ 1(mod 2).
We will need the following modification of the Whitney formula [7].
Lemma 1. Let i :N2 →M4 be an immersed ( possibly not connected ) surface such that
the fundamental class [N2] represents the trivial element in H2(M4,Z2). Then
2χ
(
N2
)+ 2
(i)+ e(i)≡ 0 (mod 4), (1)
where 
(i) is the parity of double self-intersection points of the immersion i , and e(i) is
the integer normal Euler class of the immersed surface i(N2) in M4.
Lemma 1 is an easy corollary of Yamada’s result (see Corollary 1.5 of [8]), which is in
fact based on the Wall theorem on simply connected manifolds. We will give an elementary
proof, which is based on a well-known fact about the second non-oriented bordism group
of a simply connected 4-manifold.
Lemma 2. Under the notation of Lemma 1, there exists an embedded surface N1 ↪→D4 ⊂
M4, bordant to N2.
Proof. Since M4 is simply connected, the immersion i :N2 → M4 is homotopic to a
mapping j :N2 →M4 that takes the 1-skeleton of N2 onto a point p ∈M4. Hence there
exist mappings s of N2 onto the sphere S2 and j˜ :S2 → M4 such that j = j˜ ◦ s and
[j˜ ] = 0 ∈H2(M4,Z2). Note that the element α ∈ π2(M4,p), represented by j˜ , is divisible
by 2. Indeed, from the long exact sequence
· · ·→H2
(
M4,Z
)→H2
(
M4,Z
)→H2
(
M4,Z2
)→H1
(
M4,Z
)→·· ·
P.M. Akhmetiev, R.R. Sadykov / Topology and its Applications 131 (2003) 51–55 53
that corresponds to the short exact sequence0→ Z ×2−→ Z→ Z2 → 0
it follows that the element [j˜ ] ∈ H2(M4,Z) lies in the image of the homomorphism
H2(M4,Z)→ H2(M4,Z) of the long exact sequence. Since H2(M4,Z) ≈ π2(M4), the
element α ∈ π2(M4,p) is divisible by 2.
Thus j˜ is bordant to the empty mapping. Consequently, i :N2 →M4 is bordant to the
mapping into a point p ∈M4. It implies the statement of the lemma. ✷
Proof of Lemma 1. Lemma 2 shows that there is a mapping F : (W 3, ∂W 3)→M4 × I
(I = [0,1]) from a 3-manifold W 3 with the boundary W0 ∪ W1 such that W0 = N2,
F |W0 = iN2 →M4 × {0}, F |W1 is an embedding, and Im(F |W1)⊂D4 ⊂M4 × {1}.
Let h :W 3 → I be the composition π ◦F , where π :M4 × I → I is the projection onto
the second factor, and Ft :Wt →M4 × {t} be the restriction of F on Wt = h−1(t). Denote
the left part of (1) by s(N2, i)= s(i). Let us prove that s(F0)= s(F1).
Note that if F is a regular homotopy, then F can change only the second term of the left
side of (1). Since regular homotopy does not change the parity of double self-intersection
points, s(F0)= s(F1). Hence s(Ft ) is invariant under regular homotopy.
We may assume that F and h are in general position and every level Wt has at most
one singular point of F or h. Therefore to show that the bordism F does not change the
left part of the formula (1) it suffices to consider the case where exactly one of the two
mappings F and h has exactly one singular point. Let p ∈W 3 be a singular point of F or
h and there are no other singular points.
If p is a singular point of h, then F is a regular bordism. Therefore each of the last two
terms of s for F1 equals the corresponding term of s for F0 and χ(W0)= χ(W1)± 2.
If p is a singular point of F , then F is a homotopy of F0. It is worth noting that
singular points of F correspond to cusps, which are points of births and deaths of self-
intersection curves. Put τ = h(p). Then in a small neighborhood of the cusp point, the
homotopy F replaces an embedded disc Fτ−ε(D−) with the disc Fτ+ε(D+), which has
one self-intersection point. Here ε ∈R is a small number and D− ⊂Wτ−ε,D+ ⊂Wτ+ε are
small discs. We may assume that the homotopy F is constant outside a disc neighborhood
of F(p) with radius much less than that of D−. Then, after smoothing, the union
Fτ−ε(D−)∪Fτ+ε(D+) is an immersed sphere S2 with an odd number of self-intersection
points. Note that S2 is immersed into a disc neighborhood of F(p). Therefore the normal
Euler class of S2 is 2 (mod 4) (we will sketch a proof of this folklore fact later on). Hence
the homotopy F changes the normal Euler number of the surface N2 by 2 (mod 4). We
have χ(W0) = χ(W1), 2
(F0) ≡ 2
(F1)+ 2 (mod 4) and e(F0) ≡ e(F1) + 2 (mod 4).
Thus s(F0)= s(F1).
To complete the proof of the lemma note that F1 is an embedding into a disc and by
Whitney’s congruence s(F1)= 0. ✷
Let us give a sketch of the proof of the fact about a sphere S2 immersed into a 4-
dimensional disk. If k is the algebraic number of the self-intersection points of S2, then the
algebraic number of the intersection points between S2 and its generic slight perturbation
equals 2k+ e, where e is the normal Euler number of S2. On the other hand if an oriented
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surface A ⊂ R4 intersects an oriented surface B ⊂ R4 transversally, then the algebraic
number of the intersection points A ∩ B is always zero. Hence e = −2k and if k is odd,
e≡ 2 (mod 4).
Lemma 3 (Compare with [5]). For a fold mapping f :M4 → R3 of an orientable closed
manifold M4, the normal bundle of the surface S−1 ⊂M4 of indefinite fold singularities
admits a nowhere zero cross-section, and therefore e(S−1 )= 0.
Proof. Without loss of generality we may assume that the surface S−1 is connected. Using
arguments similar to those in [4, Chapter 1], we can prove that there exist an open tubular
neighborhood U of S−1 diffeomorphic to an R2-bundle over S
−
1 , and an immersed tubular
neighborhood V of f (S−1 ) diffeomorphic to an R-bundle over S
−
1 such that for every point
x ∈ S−1 the image of the fiber R2x of the bundle U over x coincides with the fiber Rf (x) of
the bundle V over f (x), and the restriction f |R2x :R2x →Rf (x) is a Morse function.
Let us recall that if g :R2 → R is a Morse function with one singular point (say p) of
index 1, then in some coordinates g = x21 − x22 . Denote the directions ∂/∂x1 and ∂/∂x2 by
l1(p) and l2(p) respectively. It is known that the directions l1(p) and l2(p) do not depend
on the coordinate system.
The collection of l1, l2 of the restrictions f |R2x on fibers of the bundle U , gives the
reduction of the structure group O(2) to the subgroup D ⊂ O(2), where D is the dihedral
8-element group.
Let us consider the case where S−1 is orientable. Note that in this case the image of the
classifying homomorphismπ1(S−1 )→D consists of the central symmetry and the identity.
Since RP∞ is a classifying space for Z2-bundles and π2(RP∞) = 0, the bundle U is
determined by its restriction on the 1-skeleton of the surface and a linear representation of
Z2 in R2. Since U is orientable, its restriction on the 1-skeleton is trivial. Therefore in the
orientable case the normal bundle over S−1 is trivial.
In the case where S−1 is non-orientable the values of the classifying homomorphism
over loops that change orientation lie in the 4-element group generated by the matrices(
0 1
1 0
)
,
(
0 −1
−1 0
)
in the basis e1, e2, tangent to the lines l1, l2.
If S−1 is homeomorphic to the projective plane, then a nowhere zero cross-section
of the bundle U is given by the family of the vectors ±(e1 + e2) or ±(e1 − e2).
Assume that S−1 is not homeomorphic to the projective plane. Then for some t  2,
S−1 = T1 ∪ (
⋃t−1
j=2 Tj ) ∪ Tt , where T1 and Tt are homeomorphic to the Möbius band and
T2, . . . , Tt−1 are homeomorphic to the punctured Möbius band. For 1 k  t let Pk denote⋃k
j=1 Tj and P0 denote the empty space.
We shall show inductively that for every k the bundle over Pk admits a nowhere zero
cross-section such that the restriction of the section on ∂Pk is given by the family of the
vectors ±(e1 + e2) or ±(e1 − e2). Since S−1 = Pt , the induction will imply the existence
of a nowhere zero cross-section of the bundle U .
The group π1(S−1 ) is generated by orientation reversing loops and the image of the
classifying homomorphism π1(S−1 )→D is contained in an abelian subgroup Z2 ⊕ Z2 ⊂
D. Therefore the classifying homomorphism can be factored through H1(S−1 ,Z2). For
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0  k  t − 1, the image of the homomorphism H1(Tk+1,Z2)→ H1(Pk+1,Z2) induced
by the embedding Tk+1 ↪→ Pk ∪Tk+1 is cyclic and is generated by an orientation reversing
loop. Hence the section over Tk+1 spanned by the family of the vectors ±(e1 + e2)
or ±(e1 − e2) is well-defined. In particular there is a nowhere zero cross-section over
P1 = T1. Assume that the statement for Pk is proved. Let us prove the statement for
Pk+1 = Pk ∪ Tk+1. By the induction hypothesis, there is a nowhere zero cross-section
ξ1 over Pk such that ξ1|∂Pk is given by the family of the vectors ±(e1 + e2) or ±(e1 − e2).
Let ξ2 be the section over Tk+1 constructed as above.
Let S1 be the intersection Pk ∩Tk+1. Since the element [S1] ∈H1(S−1 ,Z2) is trivial, the
restriction of the classifying homomorphism on S1 is the identity. Along the circle each of
the sections ξ1 and ξ2 corresponds to the family of the vectors ±(e1 + e2) or ±(e1 − e2).
Thus either ξ1 = ±ξ2 or in some metric for every point p ∈ S1 the angle between the
vectors of the sections ξ1 and ξ2 at p equals 90◦. Hence there is a global section ξ over
Pk+1. Moreover we may assume that the restriction of ξ on ∂Pk+1 is given by the family
of the vectors ±(e1 + e2) or ±(e1 − e2). This establishes the induction step. Therefore in
the non-orientable case the normal bundle over S−1 is also trivial. ✷
Let us complete the proof of Theorem 1. Assume that there exists a fold mapping
f :CP 2 → R3. From Lemma 3 it follows that e(S−1 ) = 0. It implies that the surface
S−1 represents the trivial element in H2(CP 2,Z2). Since S
−
1 is embedded and χ(S
−
1 ) ≡
1 (mod 2), from Lemma 1 it follows that e(S−1 )≡ 2 (mod 4). Contradiction. Therefore the
assumption that there exists a fold mapping of CP 2 into R3 is false.
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